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Introduction
In the last ten years, numerous research studies have been performed in order to develop nonlinear vibration absorbers that exploit the phenomena called Targeted Energy Transfer (TET) or Energy Pumping [1] , [2] , [3] .
This phenomena can be obtained by coupling a damped oscillator with an essentially nonlinear stiffness (absorber) to a linear primary system, whose dynamic response has to be controlled. If the nonlinear system is properly designed for the linear system and its operational conditions, an irreversible energy transfer from the linear system toward the absorber occurs, the energy is dissipated in the absorber damper and the forced dynamic response of the primary system is limited [4] . This means that the nonlinear system behaves like a "sink" where there is a motion localization and an energy dissipation (in literature this is often called Nonlinear Energy Sink: NES).
The complex dynamics of this kind of coupled systems can be described en terms of resonance capture [2] or nonlinear normal modes [5] . As mentionned above [4] , under periodic external excitation applied to the linear primary system, the nonlinear absorbers can efficiently reduce the resonance peak by entering the whole system in a quasi-periodic motion with repetitive TET phase that has been named "strongly modulated response" in [6] . The very important point is that this peak reduction can occurs in a large frequency band, with the NES adapting itself to the resonance frequencies of the primary system. On the others hand, the NES can operate efficiently only in a limited range of the excitation amplitude. As a result the design and the tuning of a NES absorber is very different from that of linear absorbers, since they have very differents limitations. Indeed, a linear absorber can work well for a large excitation amplitude but only in a very narrow frequency band.
In parallel to theoretical and numerical studies, the concept of NES has also been developed and validated experimentally. In the context of vibration reduction, essential (nonlinearizable) stiffness nonlinearities have been experimentally implemented with two linear springs having polynomial (in general cubic) nonlinearity. In [7] , piano wires have been used as springs whereas in [8] two linear helical springs have been considered. Essential stiffness nonlinearity has also been experimentally implemented using an single vibroimpacting mass [9] . In the field of acoustic and in the context of noise reduction , the TET provides a promising approach to passive sound control of an acoustic resonator in the low frequency domain, where no efficient dissipative mechanism exists. Extending the results in [10] , it was shown in [11] that a thin viscoelastic membrane performing large amplitude oscillations can be an efficient NES that is able to operate on the first few modes of an acoustic resonator. Such membrane NES are cheap, easy to build and reliable, but their mechanical characteristics result from their design (they depend on the radius, the thickness and the material of the membrane). They cannot be adjusted when fitted or during the NES operation, which can be a limitation for the optimization of the NES performance.
One answer to this limitation can be obtained developing an acoustic NES that makes use of a loudspeaker (LS). This kind of device is more elaborate but it presents several advantages over the membrane device. The most important one is that it allows to adjust independently the different parameters of the NES (in terms of nonlinear restoring force, mass and damping) and thus to optimize its effectiveness with respect to the operational conditions. For example, the mass can be increased by mounting additional weights on the moving part of the LS and the damping can be controlled by exploiting the electromagnetic circuit of the LS (motor). Last but not least, this motor connects the acoustic system to an electric circuit, possibly giving additional degrees of freedom for adjusting its properties. Such features have already been used for linear acoustic absorbers [12, 13] . Nevertheless, some drawbacks in the use of the LS technology exist. The LSs are generally designed to have an elastic response as linear as possible and a large damping. These two aspects that are in contradiction with the TET requirements.
The main objective of this work is to show that it is possible to obtain TET in acoustics by using a LS NES. The second objective is to indicate 4 the constructive characteristics that a LS needs to be used as an acoustic NES. Finally, we want to show the interest of adjusting the NES parameters, especially its mass and damping, in order to adapt it to targeted operational conditions. The paper is organized as follows : in Section 2 the principle of TET is recalled by means of numerical simulations of the free and forced response of a simple 2 Degrees of Freedom (DOF) system. In section 3 a numerical analysis shows the importance to adjust the NES mass and damping. Section 4 deals with quasi-static and dynamic tests performed on different types of loudspeakers to characterize their dynamic behavior. From these tests a candidate LS for use as a NES is defined and the parameters of a 1 DOF model able to describe its low frequency dynamics are identified. Section 5 describes the experimental set-up used in the TET tests and the associated theoretical model. The results of the energy pumping tests are illustrated and discussed in Section 6. The last Section deals with the conclusions of this study.
NES principle and TET description
In this section the most important aspects of the Targeted Energy Transfer (TET) from a linear primary system to a grounded NES are recalled using numerical illustrations. A complete analysis is beyond the scope of this paper: it can be found in [3] .
The discrete mechanical system under study is shown in Fig. 1 . This system includes a linear oscillator with an attached grounded NES. The linear oscillator (or primary linear system) is characterized by a mass m 1 , a linear stiffness k 1 and a viscous damping c 1 and the nonlinear oscillator (absorber or where
is the natural frequency of the primary linear system, the equations of motion can be written as:
(1)
where
Eqs (1)(2) will be used first to analyze the behaviour of the system under free response, and then under forced response with an external excitation applied to the primary mass m 1 , thus adding an external force to Eq. (1).
Subsequent numerical results are obtained solving the equations of motion using an explicit Runge-Kutta solver. 
Free response
Numerical evidence of nonlinear energy pumping can be observed on the free responses of the system (1)(2) to an impulsive excitation defined by the initial conditions u 1 (0) = u 2 (0) =u 2 (0) = 0 andu 1 (0) different from zero. Fig. 2 shows that the time response of the two oscillators changes significantly when the impulse levelu 1 (0) applied on the mass of the primary system is varied. Whenu 1 (0) = 2 ( Fig. 2(a) ), the system is weakly excited, the oscillation amplitude of the primary system is larger than that of the absorber and its exponential decrease is slow as it is lightly damped. Furthermore, the two masses oscillate at the same frequency and are out of phase.
On the other hand, whenu 1 (0) = 4 ( Fig. 2(b) ), a specific threshold (in terms of initial velocity condition) is exceeded:u 1 (0) >u 01,T . The response of the system is then characterized by two different behaviors. In the initial phase (0 < t < 100), the displacement of the two oscillators is almost in-phase, the oscillation amplitude of the NES is large and the decay of the primary system amplitude is linear and very fast compared with the previous case: this is the energy pumping condition, characterized by an irreversible transfer of energy from the primary system to the nonlinear subsystem (energy localization in the NES), where it is dissipated. In the second phase (t > 100), the behavior of the two oscillators is similar to that of the weakly excited case, showing out-of-phase displacements. Only the linear damping is acting so oscillations decay slowly: the energy pumping phenomena vanishes below a certain amplitude of oscillation, for which the residual energy of the primary system is smaller than in the previous case. The efficiency of energy pumping can be studied analytically, as for example in refs. [14] [15].
Forced response
Numerical evidence of nonlinear energy pumping can be observed on the steady state responses of the system (1)(2). The displacement has been simulated under forced harmonic excitation starting with zero initial conditions
, applied to the primary mass. Fig. 3 shows the normalized values of the displacement amplitude of the primary system versus the frequency of excitation force F (t) for t ≥ 0 for different values of the force amplitude F 0 . The frequency responses of the associated linear system is also reported on Fig. 3 . The associated linear system is defined from Eqs. (1)(2) assuming the mass m 2 at rest (u 2 = 0).
Because of the presence of a nonlinearity, the system response depends on the amplitude of the excitation. For a small force amplitude the energy pumping does not occur and the frequency response of the primary system is similar in the whole frequency range to that of the underlying linear system. An increase of the excitation level leads to the pumping regime (peak limiting) over a frequency range that increases with the force amplitude. However if the excitation level exceeds a certain value, the primary system response exhibits again a resonance peak at a frequency lower than the linear system natural frequency. There is thus a specific force value F 0 for which the reduction of the primary system motion is optimal over a wide frequency range around its natural resonance frequency. Around this level, the system time response alternates between the pumping and non-pumping conditions, with a modulation of oscillation amplitudes and a continuous change of phase. A theoretical analysis of these different regimes can be found in [16] [17] . The behavior of the system (especially regarding the TET threshold and the response of the primary linear system) is strongly dependent on both damping and mass of the nonlinear absorber. In Fig. 4 the pumping threshold in the case of free response is plotted as a function of the damping coefficient µ 2 of the NES. The pumping threshold, denoted v 10,threshold , is defined Appendix A. It corresponds to the initial conditionu 1 (0) giving the appearance of the two phases in the free response with an important reduction of the response amplitude of the primary system at the end of the first phase.
This curve shows that the TET threshold increases with the damping of the nonlinear absorber. 
the damping coefficient µ 2 (smaller that 0.4 which is the upper value ensuring pumping, see Fig. 4 ). These curves show that a small value of the damping is associated to a small residual motion of the primary system after the pumping phase. On the other hand, a large value of µ 2 increases the residual motion but allows a faster decay of the amplitude of the primary system during the pumping phase.
In Fig. 6 the frequency response of the primary system is presented for two different values of the NES damping coefficient µ 2 and three values of the excitation level. When µ 2 = 0.1 ( Fig. 6(a) ) the best reduction of the primary system response is obtained for F 0 = 0.1. A higher level of excitation leads to a new resonance at lower frequency. On the other hand, when µ 2 = 0.3 ( Fig. 6(b) ) the performances of the NES are moderate for F 0 = 0.1 and very good for F 0 = 0.16, since no resonance appears and a large reduction of Figure 6 : Dependence of the frequency response of the primary system on the NES damp-
the primary system response occurs. The system presents a similar behavior when varying the mass ratio γ as shown in Fig. 7 . In this case the frequency response of the primary system for three excitation levels is plotted for two different values of γ. These results show that it is possible and desirable to optimize the performance of the absorber with respect to the excitation level by varying its damping and/or its mass.
In the case of TET application in acoustics the advantage of building a NES using a loudspeaker technology is to adjust independently these two parameters: additional masses can be easily installed on the moving part of the LS and the the mechanical damping can be increased by electromagnetic coupling with an external electric circuit. However, this requires specifications which seem different than those for audio use. 
Characterization of loudspeakers
A generic LS structure is presented in Fig. 8 . The equivalent mass is given by the moving parts (diaphragm, dust cap and voice coil), the elastic and dis- To develop an acoustic NES that fully exploits a loudspeaker (LS) technology, the required mechanical characteristics are: a strong nonlinear elastic behavior with a limited linear stiffness (in order to have a low threshold and a high efficiency), a limited mass (for a given area of the diaphragm) and a This latter unit has been used as NES to perform the pumping tests.
Two different kind of experimental tests have then been carried out on these LSs to assess their suitability as acoustic NES: (i) quasi-static tests for the elastic and dissipative characterization of the LS in term of axial response, (ii) dynamic tests for the identification of the equivalent mass and first ("piston") mode damping. The dynamic tests have been carried out both with (Fig. 8(a) ) and without ( Fig.8(b) ) the motor assembly, in order to evaluate its contribution on the mechanical damping. For the quasi-static tests the motor assembly has been removed to allow a reliable mounting on the experimental set-up. Only the results of the quasi-static tests are presented in detail; the dynamic tests results are only described qualitatively.
Quasi-static tests
The quasi-static tests have been carried out on the LSs without motor assembly using an electromechanical testing machine (a MTS servohydraulic test system). The LS frame has been attached to the chuck of the machine The results are not presented in this paper, as they show that the spider adds a negligible dissipation and only increases the stiffness in the nonlinear range. This suggests that its role is marginal for our purpose, and that it should be kept for pumping tests. its behavior when dissipative effects are minimized (almost independent on the velocity) in order to identify the elastic characteristics of LS3.
Dynamic tests
Dynamic tests of the LS have been performed by fixing them on a face of a wooden box, an acoustic pressure being generated by another loudspeaker fixed on the opposite face of the box. The acoustic pressure on the LS diaphragm has been measured by a microphone located near the box center.
The LS diaphragm axial velocity has been measured by a laser vibrometer. A comparison (not shown here) between the frequency response functions obtained with and without the motor assembly showed that it can significantly increase the dissipation depending on the structure of the LS pole pieces. In the case of LS1 the motor increases the damping coefficient by about 5 times, although in the case of LS3 the increase is only 50%.
Nonlinear elastic behavior of experimental NES
From the previous results, LS3 has been chose as a candidate for building a NES. In order to perform numerical simulations, its nonlinear elastic behavior has been approximated by a 5-degree polynomial which has been calculated by fitting the loaded-unloaded mean values of the equilibrium points obtained from the quasi-static test (see Fig. 11(c) ) with relaxation. The resulting theoretical model is the following: The even terms of the polynomial allow to describe the asymmetry of the experimental curve ( Fig. 11(c) ).
Vibro-acoustical experimental set-up and sizing
In order to validate the suitability of the LS technology, a experimental set-up has been realized to observe and to analyse the targeted energy transfer(energy pumping) phenomenon from an acoustic medium to the LS3 unit.
It is based on the same principle used in [11] . A schematic of the set-up is provided in Fig. 12 . The acoustic medium is composed by a tube of length L and section area S t (half-wavelength acoustic resonator). The coupling between the tube and the NES (here a LS3 structure) is ensured acoustically by the air in the coupling box (at right on Fig. 12 ) of volume V 2 . For the excitation of the tube, a loudspeaker and a coupling box connected to the entrance of a tube (at left on Fig. 12 ) are used as an acoustic source.
As described in [11] and under the same assumptions (that is, the two boxes are designed so that the acoustic behavior of the tube is close to the one of an open-open waveguide), a simple model for the experimental set-up can be obtained. Indeed, when the tube is excited at a frequency close to its first where the pressure can be considered uniform. The vibro-acoustic behavior of the experimental set-up can be then approximated by the following equations:
where u a (t) is the displacement of the air at the right end of the tube (x = L),
with an axial distribution corresponding to the first mode of the tube (i.e
). This displacement is proportional to the pressure p t (t) at middle axial position of the tube (P t (x, t) = p t (t) sin( given by the pressure into the coupling box p b (t) which is dependent on u a (t) and u nes (t) accordingly to:
Introducing the following adimensional quantities and time normalization
where d is a characteristic length of the experiment (d have to be chosen), the equations of motion Eqs. (4)(5) reads noẅ
It is interesting to note that the parameters β, µ 1 , γ and µ 2 do not depend on the length adimensional parameter d. The difference between the experimental system represented by Eqs. (8)(9) compared to the ones described by 22 Eqs. (1)(2) is that the elastic behavior of the NES it is now represented by a polynomial of degree five containing also a linear part.
To determine a combination of geometrical parameters of the vibro-acoustical experimental set-up which is able to produce TET with a reasonable level of pressure into the tube, Eqs. (8)(9) Table 2 . These numerical values are very closed to the numerical ones used in section 2 in particular for the main parameters β and γ. .
0.1254 0.014 0.9477 0.07 Table 2 : Numerical values of the adimensional system parameters.
Finally, it is interesting to note that the dimensions of the vibro-acoustical experimental set-up used in this wook differ significantly from the one used in [11] . The tube area is seven times the tube area used in [11] and the coupling box volume is ten times the coupling box volume used in [11] .
Experimental results
The experimental tests to achieve acoustic targeted energy transfer have been performed by using LS3 without motor assembly as the NES, with three different values of its mass. The motor has been removed to achieve a low enough pumping threshold and therefore to allow a parametric analysis of the were recorded.
In Fig. 13 the frequency response, i.e. the pressure (p t (L/2, t) measured at the middle section of the tube divided by the amplitude of excitation signal V ext , is plotted in the case of system with mass m nes = 0.017 kg, without and We focus on the behavior of the system under sinusoidal excitation at the frequency near the fisrt acoustic mode (here ωs 2π = 45.75) for several excitation levels. When the excitation level is small ( Fig. 14(a-b) ), the regime is periodic. The LS is inative and has small vibrations. If the excitation level increases, the level is geather than a certain pumping threshold (here for V ext > 8 V) and the regime is almost periodic with a slow evolution of the envelope of the vibrations (Fig. 14(c) ). This regime corresponds to strongly modulated responses [3] . The amplitude of the pressure at the middle of the tube increases and decreases. When the pressure amplitude decreases, the vibrations of the pressure and the LS are out of phase. Increasing the excitation level, the regime becomes again periodic (Fig. 14(c) ) but now the the vibrations of the pressure and the LS are always out of phase.
In Fig. 15 
Conclusion
This work has investigated the possibility to build an adjustable nonlinear acoustic absorber for the reduction of low frequency noise. The main idea is to use a loudspeaker as an acoustic NES instead of a viscoelastic membrane, as proposed in ref. [11] . Numerical simulations have demonstrated the interest of being able to adjust two NES parameters (mass and damping) depending on the operational conditions (especially the excitation level). 
where E u 1 (t) = is the total energy of the system at t = 0 and T e > 0 is small with respect to • Figure 12 : Sketch of experimental set-up using the LS3 without motor assembly as NES.
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